We experimentally demonstrate stable trapping of a permanent magnet sphere above a lead superconductor, in vacuum pressures of 4 × 10 −8 mbar. The levitating magnet behaves as a harmonic oscillator, with frequencies in the 4-31 Hz range detected, and shows promise to be an ultrasensitive acceleration sensor. We directly apply an acceleration to the magnet with a current carrying wire, which we use to measure a background noise of ∼ 10 −10 m/ √ Hz at 30.75 Hz frequency. With current experimental parameters, we find an acceleration sensitivity of S 1/2 a = 1.2 ± 0.2 × 10 −10 g/ √ Hz, for a thermal noise limited system. By considering a 300 mK environment, at a background helium pressure of 1 × 10 −10 mbar, acceleration sensitivities of S 1/2 a ∼ 3 × 10 −15 g/ √ Hz could be possible with ideal conditions and vibration isolation. To feasibly measure with such a sensitivity, feedback cooling must be implemented.
We experimentally demonstrate stable trapping of a permanent magnet sphere above a lead superconductor, in vacuum pressures of 4 × 10 −8 mbar. The levitating magnet behaves as a harmonic oscillator, with frequencies in the 4-31 Hz range detected, and shows promise to be an ultrasensitive acceleration sensor. We directly apply an acceleration to the magnet with a current carrying wire, which we use to measure a background noise of ∼ 10 −10 m/ √ Hz at 30.75 Hz frequency. With current experimental parameters, we find an acceleration sensitivity of S 1/2 a = 1.2 ± 0.2 × 10 −10 g/ √ Hz, for a thermal noise limited system. By considering a 300 mK environment, at a background helium pressure of 1 × 10 −10 mbar, acceleration sensitivities of S 1/2 a ∼ 3 × 10 −15 g/ √ Hz could be possible with ideal conditions and vibration isolation. To feasibly measure with such a sensitivity, feedback cooling must be implemented.
The ability to detect extremely small forces and accelerations has a diverse range of applications within science and technology, including uses in magnetic resonance force microscopy 1-3 , detection of gravitational waves 4 , measuring short range Casimir forces 5 , gravimetry 6 and measuring gravitational fields of small source masses 7 . Such systems could also be utilized to test fundamental physics, such as testing collapse models which predict extensions to standard quantum mechanics 8, 9 , as well as searching for non-Newtonian corrections to our understanding of gravity 10 . State-of-the-art force sensors, based on clamped mechanical resonators, have reached force sensitivities of ∼ 10 −21 N/ √ Hz 11 in cryogenic environments and ∼ 10 −17 N/ √ Hz 12,13 at room temperature. These mechanical resonators are limited in their sensitivity due to the dissipation to the clamping losses. A natural solution to avoid such losses is to levitate the resonator. Indeed, optically levitated dielectric particles [14] [15] [16] [17] [18] [19] [20] have shown high quality factors, with force sensitivities of ∼ 10 −20 N/ √ Hz achieved 21, 22 and short range interactions between dielectric surfaces and the particle investigated 23, 24 . For acceleration measurements, the best performances are obtained with massive systems; impressive sensitivities of < 10 −15 g/ √ Hz in the LISA Pathfinder in-flight experiment 25 have been demonstrated. For commercial uses, superconducting gravimeters, which levitate a centimeter sized type-II superconductor, have achieved acceleration sensitivities of ∼ 10 −10 g/ √ Hz 26 . In principle, magnetically levitated oscillators could provide the most environmentally isolated oscillators; the trapping mechanism is passive, whereas other levitation systems require active fields which limit the Q-factor and the temperature attainable 27 . Due to this promise, magnetically levitated oscillators have been proposed as a route to observing macroscopic superposition states 28-31 , a) Electronic mail: ct10g12@soton.ac.uk b) Electronic mail: h.ulbricht@soton.ac.uk as well as for force and inertial sensing 32 and gravimetry 31 . Experimentally, diamagnetic microparticles have been levitated with permanent magnets, and had its harmonic centre of mass motion cooled to sub-K 33 and sub-mK 34, 35 temperatures in vacuum conditions.
In this paper, we experimentally demonstrate magnetic trapping in high vacuum conditions, using a single permanent magnet levitated above a type-I superconductor to generate the trapping potential. The relatively high mass, with respect to nano and micro-particles widely used in levitated optomechanics, and low frequency of our oscillator makes it a strong candidate for compact acceleration sensing, even at moderate Q-factors. Indeed, the evaluated acceleration sensitivity for our system is S 1/2 a = 1.2 ± 0.2 × 10 −10 g/ √ Hz, assuming it is thermal noise limited. Further sensitivity improvements are also predicted by transferring the experimental setup to a fully cryogenic environment, reducing the temperature of the thermal bath, and removing nearby resistive metals, where energy is currently lost via eddy current dissipation. We also apply a series of known accelerations to our oscillator, and use this to estimate the background noise to be ∼ 10 −10 m/ √ Hz at 30.75 Hz frequency. The minimum RMS acceleration we apply is a RMS = 820 ± 330 ng, which is easily distinguishable from zero applied acceleration.
The experimental setup consists of a 0.5 mm radius neodymium magnet sphere (mass m = 4 mg) that levitates above a superconducting lead disk with outer diameter of 10 mm, inner diameter of 3 mm, and a height of 2.5 mm, which is fixed to the cold finger of a liquid helium continuous flow cryostat used to cool the superconductor below its critical temperature (T c ∼ 7.2 K). Additionally, a 5.5 cm straight copper wire placed 1.3 cm above from the disk is used to modulate the magnetic field. For detection, a 1550 nm laser (power ∼ 100 µW) is focused onto the magnet surface, reflected, recollimated, and collected with a photodiode. This power was chosen as it was found experimentally that higher powers would heat and demagnetize the magnet -resulting in the magnet being ejected from the trap. A schematic of the trap- ping and detection setup can be seen in Fig.1 (a) , and an image of levitation in Fig 1 (b) . The whole system is inserted into a vacuum chamber and the magnet is loaded into position with a translation stage, which is withdrawn from the levitation region prior to any measurements. In this configuration the superconducting disk is used to generate a force
where µ is the magnetic dipole moment and B disk the magnetic field induced by the superconductor, that compensates for the gravitational force F g = −mgz on the vertical axis and generates a trapping potential along the horizontal plane 32 .
The trapping potential generated by this configuration has been studied using the finite element analysis software FEniCS 36 , under the assumptions of the superconducting disk is cooled in the absence of any external field, in the limit in which the London penetration depth is negligible and the system can be considered to be in a quasi-static configuration. The simulation shows an equilibrium position and orientation of x 0 = 0.1 mm, y 0 = 0 mm, z 0 = 3.0 mm, α 0 = 0.5π and β 0 = 0.0 in the presence of the Earth's magnetic field 37 , and that the trapping potential, around this equilibrium, can be approximated by the harmonic potential where r = (x, y, z) with x being the direction of the Earth's magnetic field in the horizontal plane, y the transverse direction, z the vertical direction, θ = (α, β) with α and β the angles between µ and z, and µ and x respectively, m is the mass of the magnet and I its moment of inertia. The associated equations of motion, where the stochastic forces, torques and magnetic losses are also considered, reads:
where f and τ represent the stochastic force and torque and γ the damping rates due to gas collisions and magnetic losses 32 . From these equations we see that the eigenmodes of the system mixes translational and librational degrees of freedom and the associated eigenfrequencies read as ω1 2π = 71.9 Hz, ω2 2π = 18.0 Hz, ω3 2π = 15.2 Hz, ω4 2π = 3.8 Hz and ω5 2π = 3.15 Hz. A typical frequency spectrum of the levitating magnet can be seen in Fig. 1 (c) . Modes are identified as having translational components due to them being easily excitable mechanically, for instance by giving the vacuum chamber a "kick". The frequencies obtained experimentally agree with the simulation results to an order of magnitude. Deviations are explained by variations in the experiment, including magnetization of the oscillator, uncertainties on the geometry of the lead disk, as well as nearby ferromagnetic material -such as mounting screws, temperature sensors and the vacuum chamber itself. Indeed, we see variations of trap frequencies (withing the range 4-31 Hz) from different experimental runs. Additionally, the simulation considers the Earth's magnetic field to be reflected by the superconductor, whereas in reality there may be some magnetic field frozen within the hole of the superconducting disk.
The acceleration sensitivity of a thermal noise limited system is determined by the thermal force noise on the oscillator, which is given by
where k B is the Boltzmann constant, T is the temperature of the thermal bath, ω 0 is the resonance frequency and Q is the quality factor 38 . The acceleration sensitivity is then
The Q-factor of the oscillator is determined by damping mechanisms in the system. Currently, the dominating damping mechanism is due to eddy current dissipation in nearby resistive metals, including the coating of the magnet itself, which is unavoidable in the current setup; other damping sources are many orders of magnitude smaller in the experimental conditions. By measuring the ring down time after the oscillator is excited by "kicking" the vacuum chamber, we obtain Q ∼ 5300. This Q is in good agreement with the value Q = 5500±1300 extracted from the width of the Lorentzian peak in the frequency spectrum. The Q-factor extraction methods can be seen in Fig. 2 . This Q-factor is also in good agreement to the predicted value calculated from the Ohmic losses in the resistive metals in the vicinity of the experiment.
Assuming the noise is thermally limited, the evaluated acceleration sensitivity in our experiment is S 1/2 a = 1.2 ± 0.2 × 10 −10 g/ √ Hz; the thermal noise driving the system is due to current fluctuations in the nearby 5 K metals. This number is comparable to other acceleration sensitivities mentioned earlier, and, in principle, could be considerably lower if we put the experiment in a fully cryogenic environment, remove nearby resistive metals, and use an uncoated magnet. By removing the effects of eddy current dissipation, the mechanical damping should be dominated by gas collisions. In a low pressure regime, the mechanical damping is proportional to the gas pressure, and is given by
where r is the radius of the levitated sphere, P is the gas pressure andv gas is the thermal velocity of the gas molecules 39 .
By considering the environment generated by a 300 mK fridge, with a helium gas pressure of 1 × 10 −10 mbar, the predicted Q-factor would be Q ∼ 5 × 10 11 , for a thermal noise limited system. In order to achieve such a high Q, one has to take extreme care to avoid eddy current dissipation, and other potential dissipation sources, such as magnetic hysteresis losses, must be investigated. For such a Q the acceleration sensitivity is S 1/2 a ∼ 3 × 10 −15 g/ √ Hz. A cryostat with these specifications is being manufactured for our future experiments, which motivates our choice of environmental conditions.
From a practical point of view, such an acceleration sensitivity would take an unfeasibly long time to measure, with a characteristic time scale of 2Q/ω 0 ∼ 8 × 10 9 s ≈ 250 years. In order to preserve sensitivity, but reduce the amount of time needed to resolve the motion of the oscillator, feedback cooling must be implemented. Feedback cooling simultaneously decreases the effective temperature of the oscillator and the Q-factor 40 . In our system, feedback cooling could be applied by modulating the magnetic field 33 with the use of superconducting coils, and optimal feedback protocols could be utilized 41, 42 . In order to reach a thermally limited system, the effects of external vibrations must be mitigated. In a typical laboratory, the seismic noise is given by ∼ |10 −9 / (f /1 Hz) 2 | m/ √ Hz above 1 Hz 43 , which translates to ∼ 4 × 10 −9 g/ √ Hz acceleration noise at ω0 2π = 19.4 Hz. Depending on lab location, this noise contribution can differ by approximately an order of magnitude, but to achieve a thermal noise limited system, vibration damping must be implemented. In order to reach the ultimate sensitivity, such experimental issues must be overcome. We can directly apply an acceleration to the magnet by modulating the magnetic field at the trapping position by applying a current to a nearby wire. Fig. 3 (a) shows the amplitude response of an oscillation mode ( ω0 2π = 30.75 Hz) as a function of applied AC voltage. It can be seen that we can easily distinguish between 0.0 mV and 1.3 mV RMS voltage, and the amplitude response is linear with applied voltage. For these experiments, the oscillations were detected by measuring the shadow of the sphere produced by an incident 1550 nm laser, rather than the reflected intensity as in all other results presented. This allowed higher oscillation amplitudes to be detected compared to the reflected method described in Fig. 1 (a) , at the cost of a higher noise floor. Each voltage is applied for 100 s.
The force experienced by a magnetic moment is a magnetic field produced by a current carrying wire is given by F wire = ∇(µ·B wire ), where B wire is the magnetic field produced by the wire. The wire is 5.5 cm long, and the magnet levitates 1 cm below the centre of this wire. By considering the wire to be an infinitely long wire, and assuming that the magnetic moment of the magnet aligns with the Earth's magnetic field in the horizontal plane, we can use the current flowing through the wire to estimate the RMS acceleration. We then use the applied acceleration to estimate the background noise on our oscillator, which we find to be ∼ 10 −10 m/ √ Hz. This noise is slightly higher than typical seismic noise, due to the use of vacuum pumps, and would be improved with vibration isolation. Despite the high background noise, we can easily distinguish an applied RMS acceleration of a RMS = 820 ± 330 ng. From this, we estimate a minimum detectable acceleration of a RMS = 220 ± 90 ng, which would double the RMS amplitude. It is worth noting that we have been conservative with our acceleration estimate, as we did not consider the vertical skew of magnetic moment angle induced by the Earth's magnetic field, which would slightly lower our acceleration estimate.
In conclusion, we have experimentally demonstrated magnetic trapping of a 0.5 mm radius neodymium magnet sphere, using superconducting lead to generate a passive trapping potential, which is stable at 4 × 10 −8 mbar background pressure. We also find an acceleration sensitivity of S 1/2 a = 1.2 ± 0.2 × 10 −10 g/ √ Hz, with current experimental parameters, for a thermal noise limited system. Currently, the Q-factor is limited to around Q ∼ 10 4 by eddy current dissipation. By removing the influence of nearby resistive metals, and placing the entire system in a 300 mK cryostat, at a background helium pressure of 1×10 −10 mbar, we speculate acceleration sensitivities of S 1/2 a ∼ 3 × 10 −15 g/ √ Hz could be possible for a well isolated system. In order to feasibly measure with such a sensitivity, feedback cooling must be implemented to decrease the characteristic time of the system. By applying a series of known accelerations, we also calculate our current background noise to be ∼ 10 −10 m/ √ Hz at a frequency of 30.75 Hz. The minimum RMS acceleration we apply is a RMS = 820 ± 330 ng, which we can easily distinguish from zero applied acceleration. Such a sensor could be used for gravimetry, to study gravitational effects at the small distance scale, or be used to measure gravitational attraction from extremely small masses in a Cavendish-like experiment 44 .
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